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The pole-like accelerated expansion stages purely driven by the coupling between the gravity and the
dilaton field without referring to the potential term can be realized in a class of generalized gravity
theories. We consider three such scenarios based on the scalar-tensor gravity, the induced gravity
and the string theory. Quantum fluctuations during the expansion stages (including more general
situations) can be derived in exact analytic forms. Assuming that the pole-like acceleration stage
provides a viable inflation scenario in the early universe we derive the generated classical density
spectrums. The generated classical density field shows a generic tilted spectrum with n ≃ 4 which
differs from the observed spectrum supporting n ≃ 1.
PACS numbers: 04.50.+h, 98.80.Cq
I. INTRODUCTION
A pole-like accelerated expansion stage can be real-
ized by a nontrivial coupling between the dilaton field
and the gravity without referring to the potential term.
These types of accelerated expansion can be considered
as the potential candidates for inflation models [1]. One
scenario based on the induced gravity is proposed by the
authors of [2]. Recently, the string theory has motivated
an action which is also known to allow a similar accel-
eration stage [3]. The similar inflation scenario in the
context of the scalar-tensor gravity is proposed in [4] and
is termed as the kinetic inflation. We adopt the name
“kinetic inflation” for the pole-like acceleration stages
realized in various generalized gravity without the po-
tential term. We know that all these theories are related
with each other by simple field redefinitions or conformal
transformations. Although the acceleration stages can be
realized, the specific realization of inflation model which
resolves the conventional cosmological flatness and hori-
zon problems with a successful graceful exit is yet to be
made, and is currently under active investigation [3,4].
During the expansion stage the quantum fluctuations
in the dilaton field and the metric may naturally arise
from the vacuum expectation values of the fluctuating
field and the metric. In this paper we will present the
quantum fluctuations generated during the expansion
stages in analytic forms for the scalar type perturbations.
We will show that the generated power spectrums have
the same spectral index independently of the specifics of
considered gravity or the expansion stage.
Assuming that the acceleration stage provides a viable
inflation stage in the early universe we can derive the
generated spectrums of the large scale density field in
the second horizon crossing epoch in the conventional era
of cosmological evolution. In this part we will consider
a scenario where a generalized gravity theory has the
roles of the gravity theory in the early universe and Ein-
stein’s theory takes over the role of gravity at some point.
That is, the kinetic inflation is accepted as the accelera-
tion stage while the observationally relevant scales leave
the horizon scales. In such a case, the classical fluctua-
tions in the large scale arise from quantum fluctuations
of the metric and the scalar field during the kinetic polar
inflation stage. Assuming that the fluctuations become
superhorizon scale and are classicalized, it is known that
the fluctuations freeze independently of the changes in
the background equation of state and also changes in the
underlying gravity sector. Such a freezing is conveniently
characterized by a (temporally) conserved quantity which
is usually represented by a curvature fluctuation in a cer-
tain gauge choice (spatial characters of the fluctuations
are always conserved during the linear evolution stage in-
dependently of the horizon scale; in this sense, no struc-
ture formation [like self-organization] arises in the linear
theory). The observationally relevant spectrums we will
derive in the following will be valid as long as the transi-
tion of the gravity sector occurs while the observationally
relevant scales stay in the superhorizon scale.
The generalized gravity theories to be considered in
the following are simple subsets of the generalized gravity
theories generally studied in [5,6]. Thus, we will present
the structure generation and evolution processes in the
generalized gravity theories by reducing the general re-
sults in [5,7,6]. Our study presented below will be based
on the original frame of the generalized gravity theory
without referring to the conformal transformation. Par-
allel analyses in the pre-big bang scenario based on the
low energy effective action of the string theory are pre-
sented in [8].
In Sec. II we summarize the general and unified for-
mulation for handling the quantum generation and clas-
1
sical evolution processes of the scalar type perturbations
in the generalized gravity theories. In Sec. III appli-
cations are made to the expansion stages driven by the
nontrivial coupling between the gravity and the dilaton
field without potential terms. Cases include the scalar-
tensor theory, the induced gravity, the string theory, and
Einstein gravity with a minimally coupled scalar field.
We present the power spectrums of the quantum fluctua-
tions in analytic forms. Useful equations are deposited in
the Appendix for a convenient reference. We show that
the spectrums are valid for various types of expansion
stages allowed by the potential-less assumption. We dis-
cuss the relations among results in different gravity theo-
ries. In Sec. III E, for comparison, we briefly summarize
the results for the ordinary inflation based on the field
potential in a minimally coupled scalar field. In Sec. IV
we derive the generated density spectrums in the second
horizon crossing epoch. We assumed that the underlying
gravity has swiched from the generalized gravity to the
Einstein one while the relevant perturbation scales were
in the superhorizon size. Sec. V is a brief discussion. We
set c ≡ 1 ≡ 8πG.
II. GENERAL FORMULATION
In [5–7,9] we have considered gravity theories repre-
sented by the following action
S =
∫
d4x
√−g
[
1
2
f(φ,R)− 1
2
ω(φ)φ;aφ,a − V (φ)
]
. (1)
The gravitational field equation and the equation of mo-
tion are:
Rab =
1
F
[
ωφ,aφ,b + gab
(
V +
RF − f
2
)
+F,a;b +
1
2
gab✷F
]
,
✷φ+
1
2ω
(ω,φφ
;aφ,a + f,φ − 2V,φ) = 0, (2)
where F ≡ ∂f/∂R.
We consider a homogeneous, isotropic and flat cosmo-
logical model with the general scalar type perturbations
ds2 = − (1 + 2α) dt2 − aχ,αdtdxα
+ a2δαβ (1 + 2ϕ) dx
αdxβ , (3)
where α(x, t), χ(x, t) and ϕ(x, t) are the scalar type met-
ric perturbations. Without losing the generality, we have
taken a spatial gauge choice which (in combination with
the temporal gauge condition left for our freedom to
choose) will fix the spatial gauge mode completely. We
consider perturbations in the scalar (or dilaton) field as
φ(x, t) = φ¯(t) + δφ(x, t), (4)
where a background quantity is indicated by an overbar
which will be neglected unless necessary. Equations for
the background are:
H2 =
1
3F
(
ω
2
φ˙2 + V +
RF − f
2
− 3HF˙
)
,
φ¨+ 3Hφ˙+
1
2ω
(
ω,φφ˙
2 − f,φ + 2V,φ
)
= 0, (5)
where H ≡ a˙/a. The general formulation for handling
the structure formation processes is presented in unified
way in [5–7,9]. In the following we briefly summarize the
formulation which will be used in later sections.
Using a gauge invariant combination
δφϕ ≡ δφ− φ˙
H
ϕ ≡ − φ˙
H
ϕδφ, (6)
the action valid to the second order in the scalar type
perturbation becomes (for derivation, see [9])
δS =
1
2
∫
a3Z
{
δφ˙2ϕ −
1
a2
δφ |αϕ δφϕ,α
+
1
a3Z
H
φ˙
[
a3Z
(
φ˙
H
)·]·
δφ2ϕ
}
dtd3x. (7)
δφϕ is a gauge invariant combination which is δφ in the
uniform-curvature gauge (ϕ ≡ 0). The non-Einstein na-
ture of the theory is present in a parameter Z which is
defined as
Z(t) ≡
ω + 3F˙
2
2φ˙2F(
1 + F˙2HF
)2 . (8)
The equation of motion of δφϕ becomes
δφ¨ϕ +
(a3Z)·
a3Z
δφ˙ϕ
−
{
1
a2
∇2 + 1
a3Z
H
φ˙
[
a3Z
(
φ˙
H
)·]·}
δφϕ = 0. (9)
In terms of ϕδφ we have
1
a3Z
H2
φ˙2
(
a3Z
φ˙2
H2
ϕ˙δφ
)·
− 1
a2
∇2ϕδφ = 0. (10)
The large and small scale asymptotic solutions are:
δφϕ(x, t) = − φ˙
H
[
C(x)−D(x)
∫ t
0
1
a3Z
H2
φ˙2
dt
]
, (11)
δφϕ(k, η) =
1
a
√
2k
[
c1(k)e
ikη + c2(k)e
−ikη
] 1√
Z
, (12)
where C(x) and D(x) are integration constants of the
growing and decaying mode, respectively. [D(x) term is
2
higher order in the large scale expansion compared with
the solutions in the other gauges; see [7].] At this point
c1(k) and c2(k) are arbitrary integration constants.
Equation (9) can be written as
v′′ −
(
z′′
z
+∇2
)
v = 0,
v ≡
√
Zaδφϕ, z ≡
√
Z
aφ˙
H
. (13)
[The similar form in Einstein gravity and some types of
generalized gravity can be found in [10].] When we have
z′′/z = n/η2 with n = constant, Eq. (9) leads to a
solution
δφϕk(η) =
√
π|η|
2a
[
c1(k)H
(1)
ν (k|η|)
+ c2(k)H
(2)
ν (k|η|)
] 1√
Z
, ν ≡
√
n+
1
4
. (14)
Considering δφϕk(η) as a mode function of δφˆ(x, t) which
is regarded as a quantum Heisenberg operator, the canon-
ical quantization condition leads to the following normal-
ization condition
|c2(k)|2 − |c1(k)|2 = 1. (15)
[The coefficients ci(k)’s in Eqs. (12,14) have phase dif-
ferences.] The power spectrum based on the vacuum ex-
pectation value is
P1/2
δφˆϕ
(k, η) =
√
k3
2π2
|δφϕk|. (16)
The corresponding power spectrum of ϕˆδφ follows from
Eq. (6) as
P1/2ϕˆδφ(k, t) =
H
φ˙
P1/2
δφˆϕ
(k, t). (17)
Using parameters
ǫ1 ≡ H˙
H2
, ǫ2 ≡ φ¨
Hφ˙
, ǫ3 ≡ 1
2
F˙
HF
, ǫ4 ≡ 1
2
E˙
HE
,
E ≡ F
(
ω +
3F˙ 2
2φ˙2F
)
, (18)
for ǫ˙i = 0 we have [for general expressions see Eq. (88)
of [7]]
n =
(1− ǫ1 + ǫ2 − ǫ3 + ǫ4)(2 + ǫ2 − ǫ3 + ǫ4)
(1 + ǫ1)2
. (19)
For ǫ˙1 = 0 we have
η = − 1
aH
1
1 + ǫ1
. (20)
III. APPLICATIONS TO KINETIC INFLATIONS
A. Scalar-tensor Theory
A scalar-tensor theory is given by an action
S =
∫
d4x
√−g
[
φR− ω(φ)φ
;aφ,a
φ
− V (φ)
]
, (21)
which is a case of Eq. (1) with
f = 2φR, F ≡ df
dR
= 2φ, ω → 2ω(φ)
φ
. (22)
Equation (2) becomes:
Rab =
1
φ
[
φ,a;b + ω
φ,aφ,b
φ
+
1
2
(V +✷φ) gab
]
,
✷φ+
1
2ω + 3
(ω,φφ
;cφ,c + 2V − φV,φ) = 0. (23)
Equation (5) becomes:
H2 = −H φ˙
φ
+
ω
6
φ˙2
φ2
+
V
6φ
,
φ¨+ 3Hφ˙+
1
2ω + 3
(
ω,φφ˙
2 + φV,φ − 2V
)
= 0. (24)
Ignoring the potential term, Eq. (5) leads to the fol-
lowing solution [4]:
φ˙ = C1
1
a3
√
1 + 23ω
, φ = ±C1 1
a2
∫
dt
a
,
H =
φ˙
2φ
(
−1±
√
1 +
2
3
ω
)
. (25)
If we additionally have ω = constant we can show:
a ∝ |t0 − t|−q, φ ∝ |t0 − t|1+3q,
q ≡ −
1 + ω ∓
√
1 + 23ω
4 + 3ω
. (26)
A pole-like acceleration stage can be realized when q > 0
which corresponds to the upper sign and t0 > t. In the
following analyses for generality we will consider both
signs.
From Eq. (18) we have
ǫ1 =
1
q
, ǫ2 = −3, ǫ3 = −1 + 3q
2q
, ǫ4 = 0. (27)
Thus, from Eqs. (19,14) we have n = − 14 and
ϕδφk(η) =
1
4
√
π
3
(√
|η|
a2φ
)
1
×
[
c1(k)H
(1)
0 (k|η|) + c2(k)H(2)0 (k|η|)
]
. (28)
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The power-spectrum of fluctuating quantum field based
on the vacuum expectation value is presented in Eq. (16)
for the metric fluctuations (coupled with the dilaton field)
ϕˆδφ. The corresponding power spectrums valid in general
scales can be derived from Eqs. (16,28). In the large scale
limit the power spectrum becomes:
P1/2ϕˆδφ(k, η) =
1√
3
(√
|η|
a2φ
)
1
(
k
2π
)3/2
ln (k|η|)
×
∣∣∣c2(k) − c1(k)∣∣∣. (29)
B. Induced Gravity Theory
The induced gravity theory is given by
S =
∫
d4x
√−g
[
1
2
ξφ2R− 1
2
φ;aφ,a − V (φ)
]
, (30)
which is a case of Eq. (1) with
f = ξφ2R, F = ξφ2, ω = 1. (31)
Equation (2) becomes:
Rab =
1
ξφ2
[
φ,aφ,b + gabV + ξ(φ
2),a;b +
1
2
ξgab✷φ
2
]
,
✷φ2 =
2
1 + 6ξ
(φV,φ − 4V ) . (32)
Equation (5) becomes:
H2 + 2H
φ˙
φ
− 1
6ξ
φ˙2
φ2
=
V
3ξφ2
,
φ¨+ 3Hφ˙+
φ˙2
φ
=
1
1 + 6ξ
(
4
φ
V − V,φ
)
. (33)
Assuming V = 0 Eq. (33) leads to the following solu-
tion [2]:
a ∝ |t0 − t|−q, φ ∝ |t0 − t|
1+3q
2 ,
q ≡ −
1 + 4ξ ∓ 4ξ
√
1 + 16ξ
3 + 16ξ
. (34)
Cases with q > 0, thus the upper sign, and t0 > t include
the pole-like acceleration stage. For generality, we will
take both signs.
From Eq. (18) we have:
ǫ1 =
1
q
, ǫ2 =
1− 3q
2q
, ǫ3 = ǫ4 = −1 + 3q
2q
. (35)
Thus, from Eqs. (19,14) we have n = − 14 and
ϕδφk(η) =
√
π
2
√
6ξ
(√
|η|
aφ
)
1
×
[
c1(k)H
(1)
0 (k|η|) + c2(k)H(2)0 (k|η|)
]
. (36)
The power spectrums in general scale is given by Eq.
(16). In the large scale limit we have:
P1/2ϕˆδφ(k, η) =
√
2
3ξ
(√
|η|
aφ
)
1
(
k
2π
)3/2
ln (k|η|)
×
∣∣∣c2(k) − c1(k)∣∣∣. (37)
By the following changes the results in the scalar-
tensor theory can be translated into the ones in the in-
duced gravity
φ→ 1
2
ξφ2, ω → 1
4ξ
, δφ→ ξφδφ. (38)
C. String Theory
The low-energy effective action of string theory is given
by [11]
S =
∫
d4x
√−g 1
2
e−φ
[
R+ φ;aφ,a − 2V (φ)
]
, (39)
which is a case of Eq. (1) with
f = e−φR, ω = −e−φ, V → e−φV. (40)
Equation (2) becomes:
Rab = −φ,a;b − gabV,φ,
✷φ = φ;aφ,a + 2 (V + V,φ) . (41)
Equation (5) becomes:
H2 = Hφ˙− 1
6
φ˙2 +
1
3
V,
φ¨+ 3Hφ˙− φ˙2 + 2 (V + V,φ) = 0. (42)
For V = 0 Eq. (42) leads to the following solution
a ∝ |t0 − t|∓1/
√
3, eφ ∝ |t0 − t|−1∓
√
3. (43)
The upper sign with t < t0 represents a pole-like infla-
tion stage which is called as a pre-big bang stage [3]. The
corresponding studies of Sec. III A for the pre-big bang
scenario are presented in [8]. In the following we sum-
marize the results considering both signs for generality.
From Eq. (18) we have
ǫ1 = ǫ2 = ±
√
3, 2ǫ3 = ǫ4 = −
(
3±
√
3
)
. (44)
Thus, from Eqs. (19,14) we have n = − 14 and
4
ϕδφk(η) = −1
2
√
π
6
(√
|η|
a2e−φ
)
1
×
[
c1(k)H
(1)
0 (k|η|) + c2(k)H(2)0 (k|η|)
]
. (45)
The power spectrum valid in general scales can be derived
from Eq. (16). In the large scale limit we have
P1/2ϕˆδφ(k, η) =
√
2
3
(√
|η|
a2e−φ
)
1
(
k
2π
)3/2
ln (k|η|)
×
∣∣∣c2(k)− c1(k)∣∣∣. (46)
The power spectrum of the dilaton field in Eq. (46) is
derived in [8]; authors in [12] derived a similar spectrum
in the context of the conformally transformed Einstein
frame.
By following changes the results in the scalar-tensor
theory can be translated into the ones in the pre-big bang
scenario
ω → −1, φ→ 1
2
e−φ, V → e−φV,
δφ→ −1
2
e−φδφ. (47)
D. Einstein Gravity with a Minimally Coupled
Scalar Field
The minimally coupled scalar field is a case of Eq. (1)
with f = R and ω = 1. Equation (2) becomes:
Rab = 8πG (φ,aφ,b + gabV ) , ✷φ− V,φ = 0. (48)
Equation (5) becomes:
H2 =
8πG
3
(
φ˙2
2
+ V
)
, φ¨+ 3Hφ˙+ V,φ = 0. (49)
By identifying Z = F = ω = 1 equations in Sec. II are
valid for the minimally coupled scalar field.
For V = 0 Eq. (49) has the following solution
a ∝ |t0 − t|1/3, φ ∝ ln |t0 − t|. (50)
This expansion law corresponds to the ultra-relativistic
limit with an equation of state p = µ. Even in this case,
driven by the pure kinetic term, from Eqs. (18,19) we
have ǫ1 = ǫ2 = −3 and ǫ3 = ǫ4 = 0, thus n = − 14 . For
the mode function, Eq. (14) remains valid with ν = 0
and Z = 1. Thus, in the large scale limit, the power
spectrum in Eq. (16) becomes
P1/2
δφˆϕ
(k, η) = 2
(√
|η|
a
)
1
(
k
2π
)3/2
ln (k|η|)
×
∣∣∣c2(k)− c1(k)∣∣∣. (51)
E. Conventional Inflation with a Minimally Coupled
Scalar Field
Studies in the case of the ordinary inflation based on a
minimally coupled scalar field are thoroughly presented
in [13]; compared with the previous works in [14,15] the
results in [13] are based on the uniform-curvature gauge
or the equivalent gauge invariant combinations, δφϕ. In
the following, for comparison, we briefly rederive the re-
sults by reducing the general results in Sec. II. Equations
(48,49) remain valid. The cases where the background
scale factor follows an exponential or a power-law expan-
sion in time correspond to ǫ˙i = 0. Thus, in both cases n
becomes constant and the solution in Eq. (14) applies.
1. Exponential expansion: For a ∝ eHt with H =
constant Eq. (49) has a solution with V = constant and
φ˙ = 0. We have ǫi = 0, thus n = 2 and ν =
3
2 . From
Eqs. (14,16) we have the power spectrum valid in general
scales and for the general vacuum state. In the large scale
limit we have
P1/2
δφˆϕ
(k, η) =
H
2π
∣∣∣c2(k) − c1(k)∣∣∣. (52)
A choice of the adiabatic vacuum (known as the Bunch-
Davies vacuum in de Sitter space) corresponds to c2(k) =
1 and c1(k) = 0. The spectrum in Eq. (52) with the
adiabatic vacuum was found in [14]
2. Power-law expansion: For a ∝ tp with p =
constant(> 1) Eq. (49) has a solution with φ˙ =
√
2p/t
and V = p(3p − 1)/t2 ∝ e−
√
2/pφ, [19]. In this case we
have ǫ1 = ǫ2 = −1/p, thus ν = νg = 3p−12(p−1) . The general
power spectrum follows from Eqs. (14,16). In the large
scale limit we have
P1/2
δφˆϕ
(k, η) = H
Γ(ν)
π3/2
p− 1
p
(
2
k|η|
)ν−3/2
×
∣∣∣c2(k)− c1(k)∣∣∣. (53)
In the limit of p→∞ Eq. (53) reproduces Eq. (52). The
spectrum in Eq. (53) with an adiabatic vacuum was first
rigorously derived in [16].
IV. DENSITY SPECTRUMS
In the previous section we have derived quantum fluc-
tuations based on the vacuum expectation value of the
fluctuating quantum fields of the scalar type perturba-
tions which include the fluctuating dilaton field and the
fluctuating metric. The derived mode functions and the
power spectrums in Sec. III A-III C are valid for the gen-
eral expansion stages considered in Eqs. (26,34,43), re-
spectively. Notice that the expansion stages included in
Eqs. (26,34,43) are not necessarily acceleratory. The
reason why the power spectrums are insensitive to the
specifics of the expansion law remains to be explained.
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The expansion stages include the pole-like accelerated ex-
pansion stages. Although constructing the specific mod-
els for a successful inflation remains to be seen, in the
following we will assume a scenario that the pole-like ac-
celeration stages provide the inflation era in the early
universe.
We consider an evolution scenario of the presently ob-
servable patch of the universe and the structures in it as
follows. The first assumption concerns quantum genera-
tion processes: The observationally relevant structures in
the present universe are supposed to exit the local hori-
zon, thus becoming the superhorizon scale later on, dur-
ing the kinetic inflation stage supported by one of the
generalized gravity theories. This first assumption allows
us to consider the quantum fluctuations based on the vac-
uum expectation value as possible natural seeds for the
later evolution into the large scale structures. The second
assumption concerns the classical evolution processes:
the underlying gravity governing the dynamics of our
patch of the universe is supposed to transit from one of the
generalized gravity to Einstein gravity while the relevant
scales we are considering were in the superhorizon scale.
Since the evolution of linear structures in superhorizon
scales is kinematic in nature, we can conveniently han-
dle the evolution using the conserved quantities. For the
scalar type perturbations the perturbed three space cur-
vature variable ϕ in the uniform-field gauge (equivalently,
the comoving gauge in Einstein’s gravity), i.e. ϕδφ, is the
one which is temporally conserved. From Eqs. (6,11), ig-
noring the decaying mode which is higher order in the
large scale limit, we have
ϕδφ(x, t) = C(x). (54)
We emphasize that Eq. (54) is valid considering gen-
eral changes in V (φ), ω(φ) and f(φ,R) in the generalized
gravity [5], and in the equation of state p = p(µ) in the
fluid era [20]. This reflects the kinematic nature of the
evolution in the superhorizon scale. Thus, this second
assumption makes the handling of the classical evolution
processes easy. Equation (54) remains valid virtually in
all scales (more precisely, larger than Jeans scale) while
the universe is in the matter dominated era, [20]. From
the classical power spectrum of C(x), we can derive the
power spectrums for the rest of the scalar type pertur-
bations, like, fluctuations in the density, potential, and
velocity fields and also the directional fluctuations in the
cosmic microwave background photons.
In the large scale limit the classical power spectrum of
C(x) based on the spatial averaging becomes
P1/2C (k) = P1/2ϕδφ(k, η)
= P1/2ϕˆδφ(k, η)×
√
Q(k), (55)
where in the first step we used Eqs. (6,11) neglecting
the decaying mode, and in the second step we adopted
an ansatz on matching the classical fluctuations with the
quantum fluctuations. Q(k) is a classicalization factor
which may take into account of possible effects from the
classicalization process [18]. From PC we have the power
spectrums of the classical fields like the density, velocity,
gravitational potential, scalar contribution to the tem-
perature anisotropy of the CMBR, etc. In Eq. (55) the
right hand side should be evaluated while the scale is in
the large scale limit during the inflation era. The power
spectrums of the quantum fluctuations, P1/2ϕˆδφ(k, η) during
various kinetic inflation stages are derived Sec. III.
In the second horizon crossing epoch where the matter
is dominated we have
P1/2δ (k, tHC) =
2
5
P1/2C (k) =
(aH)2√
2π
k−1/2|δk(t)|. (56)
Conventionally we take |δk(t)|2 ≡ A(t)kn where n is a
spectral index. Ignoring the classicalization factor (Q ≡
1), the vacuum dependence (thus, taking c2 ≡ 1 and
c1 ≡ 0), and the logarithmic dependence on k we have a
generically tilted spectrum with n = 4 for the scenarios
considered in §III A-IIID. The observation of the large
scale cosmic structures and particularly the large scale
anisotropy of the CMBR indicate n ≃ 1. The spectrum
with n ≃ 1 is the Zeldovich spectrum which is a natural
outcome of the near exponential inflation considered in
Eqs. (52,53). The observationally relevant temperature
fluctuations of the CMBR in different direction, δT , can
be related with the fluctuating metric as δTT =
1
5C. Using
δT
T (θ, φ) =
∑
lm almYlm(θ, φ), we have
a2l ≡ 〈|alm|2〉 =
4π
25
∫ ∞
0
1
k
PC(k)j2l (kx)dk, (57)
where x = 2/H0.
Thus, the scenario we have considered in this section
with one of the quantum fluctuations in §III A-IIID as
the seed fails to produce the observationally relevant
structures. This implies that the pole-like inflation stages
are not suitable for the seed generating mechanism for the
observed large scale structures.
V. DISCUSSION
In Sec. III we have shown that the power spectrum
Pδφˆϕ ∝ k3 is a robust prediction from all the expansion
stages driven by the kinetic (more precisely, potential-
less) parts in the gravity. If one accepts this quan-
tum fluctuations as the seed for the later evolution into
the large scale classical structures through the inflation
mechanism, as shown in Sec. IV, it leads to a completely
different spectrum for the large scale structures compared
with the observed ones. We may call it a “structure prob-
lem” of the kinetic inflation scenarios. Together with the
“graceful exit problem”, which generically appears in the
kinetic type inflation scenarios, this can be accepted as
another negative news for constructing inflation models
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based on a pole-like expansion stage in the generalized
gravity theories.
We can think of some ways out of this generic struc-
ture problem in the kinetic inflation. Firstly, the power
spectrums of the quantum fluctuations depend on the
vacuum choice which is almost an arbitrary function of
k with a constraint in Eq. (15); the choice of the vac-
uum state needs physical consideration. Secondly, the
classicalization process of the quantum fluctuations can
possibly lead to a modification factor Q(k) which in gen-
eral may depend on the wave number k; however, the
effects may arise from considering the nonlinear field ef-
fect which goes beyond the linear treatment considered
in this paper [18]. Finally, probably the most reasonable
approach would be to accept it as a problem for mak-
ing the observed part of the large scale structures. In
such a case, the observed part of the large scale struc-
ture can possibly arise from other seed generating mech-
anisms, like defects. This implies that kinetic inflation
based on the above gravity theories is not appropriate
for the seed generating mechanism for the currently ob-
servable patch of the universe. However, one remarkable
point of the pole-like acceleration stage is that as the
expansion proceeds the curvature term grows because
R ∼ H2 ∼ |t0 − t|−q−2. Thus, as t approaches to t0,
the curvature term diverges and the quantum effect may
become significant again in the later stage of the acceler-
ation era. In such a case, the classical actions used in Sec
III should be modified by the quantum correction terms.
Recently, it was suggested that the graceful exit prob-
lem in the kinetic inflation based on the string gravity
can be resolved by the one loop quantum correction ef-
fect [21]. In such a modified scenario, the observationally
relevant scales may exit the horizon during the quantum
era. Deriving the generated quantum fluctuations in such
modified gravity sectors may lead to completely differ-
ent outcomes and require considering the action which is
more general than the one in Eq. (1). This is currently
an important open question especially in the context of
the recently popular string theory.
The case of a decoupled gravitational wave can be
treated in a similar manner. Each of two polarization
states of the gravitational wave behaves similarly to the
scalar type perturbation and we can analogously derive
the exact forms of the power spectrums of the quantum
fluctuations. The power spectrums show similar depen-
dences on k to the power spectrums for the scalar type
perturbations presented in Sec. III. Results for the grav-
itational wave will be presented separately.
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APPENDIX
This appendix contains the equations and the general
asymptotic solutions for the scalar type perturbations in
three types of gravity theories considered in Sec. III A-
III C.
1. Scalar-tensor theory: It is convenient to have:
φ˙
Hφ
= −1 + 3q
q
,
1 + q
1 + 3q
=
√
1 +
2
3
ω,
Z = 12
(
q
1 + 3q
)2
1
φ
, (58)
η = − 1
1 + q
t0 − t
a
= − q
1 + q
1
aH
.
For the scalar mode Eqs. (6-12) become:
δφϕ =
1 + 3q
q
φϕδφ, (59)
δS =
1
2
∫
a3Z
[
δφ˙2ϕ −
1
a2
δφ |αϕ δφϕ,α
−
(
1 + 3q
t0 − t
)2
δφ2ϕ
]
dtd3x, (60)
δφ¨ϕ +
1 + 6q
t0 − t δφ˙ϕ +
[(
1 + 3q
t0 − t
)2
− 1
a2
∇2
]
δφϕ = 0,
(61)
ϕ¨δφ − 1
t0 − t ϕ˙δφ −
1
a2
∇2ϕδφ = 0, (62)
ϕδφ = C +
D
12
(
t0 − t
a3φ
)
1
ln (1− t/t0), (63)
ϕδφ =
1
2
√
6
(√
|η|
a2φ
)
1
1√
k|η|
[
c1e
ikη + c2e
−ikη] . (64)
2. Induced gravity: It is convenient to have:
φ˙
Hφ
= −1 + 3q
2q
,
1 + q
1 + 3q
=
√
1 +
1
6ξ
,
Z = 6ξ
(
2q
1 + 3q
)2
, (65)
η = − 1
1 + q
t0 − t
a
= − q
1 + q
1
aH
.
For the scalar mode Eqs. (6-12) become:
δφϕ =
1 + 3q
2q
φϕδφ, (66)
δS =
1
2
∫
a3Z
[
δφ˙2ϕ −
1
a2
δφ |αϕ δφϕ,α
−
(
1 + 3q
2
1
t0 − t
)2
δφ2ϕ
]
dtd3x, (67)
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δφ¨ϕ +
3q
t0 − t δφ˙ϕ +
[(
1 + 3q
2(t0 − t)
)2
− 1
a2
∇2
]
δφϕ = 0,
(68)
ϕ¨δφ − 1
t0 − t ϕ˙δφ −
1
a2
∇2ϕδφ = 0, (69)
ϕδφ = C +
D
6ξ
(
t0 − t
a3φ2
)
1
ln (1− t/t0), (70)
ϕδφ =
1
2
√
3ξ
(√
|η|
aφ
)
1
1√
k|η|
[
c1e
ikη + c2e
−ikη] . (71)
3. String theory: It is convenient to have
φ˙
H
= 3±
√
3, Z =
(
2∓
√
3
)
e−φ.
η = −3∓
√
3
2
t0 − t
a
= −1±
√
3
2
1
aH
. (72)
For the scalar mode Eqs. (6-12) become:
δφϕ = −
(
3±
√
3
)
ϕδφ, (73)
δS =
1
2
∫
a3Z
(
δφ˙2ϕ −
1
a2
δφ |αϕ δφϕ,α
)
dtd3x, (74)
ϕ¨δφ − 1
t0 − t ϕ˙δφ −
1
a2
∇2ϕδφ = 0, (75)
ϕδφ = C +
D
6
(
t0 − t
a3e−φ
)
1
ln (1− t/t0), (76)
ϕδφ = − 1
2
√
3
(√
|η|
a2e−φ
)
1
1√
k|η|
[
c1e
ikη + c2e
−ikη] .
(77)
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